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ON UNIQUENESS OF ENTROPY SOLUTIONS FOR NONLINEAR
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equations, Mat. Stud. 47 (2017), 59-70.

In the present paper we deal with the Dirichlet problem for a class of degenerate anisotropic
elliptic second-order equations with L!-right-hand sides in a bounded domain of R™ (n > 2).
This class is described by the presence of a set of exponents q1,...,q, and a set of weighted
functions vy, ..., v, in growth and coercitivity conditions on coefficients of the equations. The
exponents ¢; characterize the rates of growth of the coefficients with respect to the corre-
sponding derivatives of unknown function, and the functions v; characterize degeneration or
singularity of the coefficients with respect to independent variables. Our aim is to study the
uniqueness of entropy solution of the problem under consideration.

Introduction. The studying of nonlinear elliptic second-order equations with L!-data and
measures as data is one of the important directions of a modern differential equation theory.
In this theory the concepts of a weak solution, entropy solution, renormalized solution were
introduced, the theorems on existence and uniqueness of these solutions were proved, and
their belonging to Lebesgue and Sobolev spaces were established.

A weak solution (solution from W' in sense of the integral identity for smooth functions)
to equations with L!-right-hand sides is a natural analogue of a generalized solution to
equations with “well enough”, right-hand sides. The theorems on the existence of a weak
solution to the Dirichlet problem for nonlinear elliptic equations were obtained in [5], [6].
Remark that a weak solution exists not for all values of a parameter characterizing the
growth of equation’s coefficients with respect to the corresponding derivatives of unknown
function. In general, a weak solution is not a unique one.

An effective approach to the solvability of the Dirichlet problem for nonlinear elliptic
second-order equations with L'-right-hand sides has been proposed in [4|. There a concept
of an entropy solution to the problem under consideration was introduced. This solution
belongs to a new special function’s class that includes the corresponding Sobolev space. Under
standard growth, coercitivity and strict monotonicity conditions on the equation’s coefficients
authors proved the theorem on existence and uniqueness of an entropy solution to the given
problem. Notice that an entropy solution is unique for all values of a parameter characterizing
the growth of equation’s coefficients with respect to the corresponding derivatives of unknown
function.
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Above-mentioned works and other close investigations are devoted to L!-theory for nonli-
near equations with isotropic and nondegenerate (with respect to the independent variables)
coefficients. As for the solvability of nonlinear elliptic second-order equations with anisotropy
and degeneracy (with respect to the independent variables), we note the following works.
The existence of a weak solution to the Dirichlet problem for a model nondegenerate ani-
sotropic equation with right-hand side measure was established in |7]. The existence of weak
solutions for a class of nondegenerate anisotropic equations with locally integrable data was
proved in [3|. Solvability of the Dirichlet problem for degenerate isotropic equations with
L'-data and measures as data was studied in [1], [2], [8], [9], [16]. Remark that in [1], [8], the
existence of entropy solutions to the given problem was proved in the case of L'-data, and in
[2], the existence of a renormalized solution of the problem for the same case was established.
In [2], [9], [16], the existence of distributional solutions of the problem was obtained in the
case of right-hand side measures.

Solvability of the Dirichlet problem for a class of degenerate anisotropic elliptic second-
order equations with L!-right-hand sides was studied in [14]. This class is described by
the presence of a set of exponents ¢i,...,q, and of a set of weighted functions vy,... v,
in growth and coercitivity conditions on coefficients of the equations under consideration.
The exponents ¢; characterize the rates of growth of the coefficients with respect to the
corresponding derivatives of unknown function, and the functions v; characterize degenerati-
on or singularity of the coefficients with respect to the independent variables.

In [14], the theorem on the existence and uniqueness of entropy solution to the Dirichlet
for this class of the equations was proved (see [14], Theorem 3.2). Observe that the proof
of this theorem is based on use of some results of [11]-[13] on the existence and properties
of solutions of second-order variational inequalities with L!-right-hand sides and sufficiently
general constraints. Note that in [11]-[14] right-hand sides to the investigated variational
inequalities and equations depend on independent variables only, and belong to the class L.

The present paper is devoted to the Dirichlet problem for the same class of the nonlinear
elliptic second-order equations in divergence form with degenerate anisotropic coefficients
as in [14]. Now right-hand sides to the given equations depend on independent variables
and unknown function. In our case we have no opportunity to use the results [11]-[13]
directly. We follow a general approach for proving the main result of this work (theorem 1).
As we mentioned above, this approach has been proposed in [4] to the investigation on
the existence and properties of solutions for nonlinear elliptic second-order equations with
isotropic nondegenerate (with respect to the independent variables) coefficients and L'-right-
hand sides. In [11], [13] this approach has been taken to the anisotropic degenerate case. Also
we use some ideas of [15].

1. Preliminaries. In this section we give some results of [13] which will be used in the
sequel.

Let n € N, n > 2, Q be a bounded domain in R" with the boundary 02, and let for every
ie{l,...,n} we have ¢; € (1,n).

Weset g={¢;:i=1,...,n},

I ST D e )
q_<n;q¢) SRRV

Let for every ¢« € {1,...,n} v; be a nonnegative function on 2 such that v; > 0 a.e.
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in €2,

vi € Ly(Q), (L)1) e LY(9). (1)

We set v = {v; : i = 1,...,n}. We denote by Wh4(v,Q) the set of all functions u €
WH1(Q) such that for every ¢ € {1,...,n} we have v;| D;u|% € L'(Q).
Let || - be the mapping from W?(v,Q) into R such that for every function u €

Whi(v, Q)
n 1/q
filhgo = [ o+ 3 ([ wipadrar)
h @ i=1 \/Q

is a norm in W14(v, Q), and, in view of the second inclusion of (1),

H 1,q,v

The mapplng || ’ ”l,q,l/

the set W4(, Q) is a Banach space with respect to the norm || - ||, , . Moreover, by virtue
of the first inclusion of (1), we have C§°(Q) € Whi(v, Q).

We denote by V?/l’q(y, Q) the closure of the set C5°(€2) in space W4(v, Q). Evidently, the

set Wh4(v,Q) is a Banach space with respect to the norm induced by the norm | - It

is obvious that W14(v, Q) c WhH(Q).
Further, let for every k >0 T} : R — R be the function such that

s, if |s| <k,
s :{ E

|| l,q,v°

ksigns, if |s| > k.

By analogy with known results for nonweighted Sobolev spaces (see for instance [10]) we
have: if u € W4(v,Q), and k > 0, then T},(u) € W4(r,Q), and for every i € {1,...,n},

DlTk(u) = Diu . 1{\u|<k} a.e.in €. (2)

We denote by T19(v, Q) the set of all functions u : Q@ — R such that for every k& > 0

Ty(u) € V([)/Lq(y, Q). Clearly, ﬁfl*q(y, Q) C ';'1"1(1/, ).
For every u : 2 — R and for every = €  we set k(u,z) = min{l € N : |u(z)| < [}.

Definition 1. Let u € ’;’1"1(1/, ), and i € {1,...,n}. Then d;u : Q — R is the function such
that for every v € Q  §u(x) = DTy (u) ().

Definition 2. If u € 70'1’q(u, Q), then du : Q — R™ is the mapping such that for every = € Q
and for every i € {1,...,n} (0u(x)); = d;u(z).

Now we give several propositions which will be used in the next sections.

Proposition 1. Let u € T9(v,Q). Then for every k > 0 we have D;Ti(u) = d;u - 1<k}
a.e.in Q,1=1,...,n.

Note that for every function u € W4(v, Q) &u= Dyu ae.inQ, i=1,...,n.

Proposition 2. Let u € TH(v,Q), w € Wh(y, Q) N L>®(Q). Then u —w € T (v, ), and
for every i € {1,...,n} and for every k > 0 we have

DTi(u —w) = du— Djw a.e. in {jlu—w| < k}.
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Proposition 3. There exists a positive constant ¢y depending only on n, q, || 1/uiHL1/(qi_1>(Q),

i=1,...,n, such that for every function u € Wh(v, )

(n—1)/n n 1ng:
(/ |u|n/("_1)dac) < COH </V¢|Diu|q"dx) :

2. Statement of the Dirichlet problem. The concept of its entropy solution. Let
c1, ¢2 >0, g1, g2 € LX), g1, g2 = 0in Q, and let for every i € {1,...,n} a;: Q xR* = R
be a Carathéodory function. We suppose that for almost every x € €2 and for every ¢ € R,

n n

> () @) as(w, )90 < e > vl

i=1 i=1
wa CzZ% &l

Moreover, we assume that for almost every = € Q and for every &,& € R, £ # &,

“+ (), (3)

= ga(). (4)

n

> lai(z,6) = ai(w, €] (& = &) > 0. ()

i=1
Now we give one result of [14] which will be used in the sequel.
Proposition 4. The following assertions hold:

a) ifue ’qu(u ), w e qu(y QNL>(Q), k>0,12k+ ||w] i), andi € {1,...,n},
then a;(x, du)D;Ty,(u — w) = a;(x, VI;(u))D;T(u — w) a.e. in Q;
)

(
b) ifué€ qu(u ), we qu(y Q)NL>®Q), k>0,andi € {1,...,n},
then a;(z,0u)D;T),(u — w) € L*(Q).

Let F: Q2 x R — R be a Carathéodory function. We consider the following Dirichlet
problem:

— Zil %ai(x, Vu) = F(z,u) in Q, (6)

u=0 onJN. (7)

Definition 3. An entropy solution of problem (6), (7) is a function u € 70'1"1(V, Q) such that:
F(x,u) € L'(Q); (8)

for every function w € I/?/Lq(y, Q) N L**°(Q) and for every k > 1

/Q { gai(aj, 5u) DT (s — w)}da: < /QF(,Q;, ) T (1t — ). )

Note that the left-hand integral in (9) is finite. It follows from assertion b) of Proposi-
tion 4. The right-hand integral in (9) is also finite. It follows from the boundedness of the
function 7}, and inclusion (8).
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3. On uniqueness of an entropy solution. Firstly, we prove two auxiliary results.

Lemma 1. Let u be an entropy solution of the Dirichlet problem (6), (7). Then there exists
a nonnegative constant M such that for every k > 1,

meas {|u| > k} < Mk™9. (10)

Proof. We fix an arbitrary function v € Wl’q<l/, Q)N L>(Q), and set
M= 28 gl + gl + 20 (2 1) [ S Dl § ot
* o ) 26, gi{lLr(©) g21|L1(Q) B 0 i| 5

2 i=1

+(1+ HUHLw(Q))/!F(Jc,u)\dx}, M = (coM/a)™ "D,

Let k > 1. We put ki = k + ||v|| (),

I:Z/

{lu—v|<k1}

vildultide, J= Z/ la;(x, 0u)| | Dv| de.

{Ju—v|<k1}

In view of (9),

/Q { S (i ) DT (1 — U)}dx < /QF(“””’ T (0 — v}z,

=1

Using Propositions 1 and 2, and (4), we obtain from this inequality:
CQ[ g ]{31/ |F(ZL’,U)| dl‘ + ||gz||L1(Q) + J
Q

On the other hand, taking into account Young’s inequality and (3), we find that

Co (&) n—1(C1 n—1 = .
J<2r4 2 2 (- 1) / " vl Dl { da.
2 + 2cy HngLI(Q) * ( n) Co * Q Y !

=1

From latter two estimates it follows that
I < M,E. (11)
Further, we have |Ti(u)| = k on {|u| > k}. Then

k™ =D meas {|u| > k} < / | T (w) [/ d. (12)
0

Since Ty(u) € Wh4(v,Q), from (11), Propositions 3 and 1 we get

(n—=1)/n 1/ng;
( / |Tk(u)|”/("_1)dx> COH ( / v; | DiTi( )qm) =
Q

1/nq; n 1/ng;
= ¢y / Vi |0;u|®dx < ¢ / Vi |0;u|®dx <
H ( {lul<k} H {lu—v|<ki}

i=1
This estimate and (12) imply (10). O

< CQ]l/q < Co(M*k’)l/q.
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Lemma 2. Let u be an entropy solution of the Dirichlet problem (6), (7). Then for every
vEWM (v, Q)NL®N), k=1, h>1,

“ 2k
/ {Zuﬂéiuq’}dxg — |F(z,u)| de+
{h<u—v|<htk} U €2 J{|ju—v|=h}

n

2(2n)" ! n-1
2@y {me
C2 Co {h<|u—v|<h+k}

i=1

qi+gl+g2}d:1:. (13)

Proof. We fix arbitrary v € I/?/l’q(z/, Q)NL®Q),k>1and h > 1.
Put
w=v+Th(u—v), ki =k+|[w|r=@).

From (9) and assertion a) of Proposition 4 it follows that

/{u_w<k} { i ai(x, V Ty, (u)) DiTe(u — w)} dr < k /{|u—v|>h} |F(x,u)| dz. (14)

We set Gy = {h < |u—v| < h+k}, Gy ={|u—2v| <h}. Observe that
{lu—w| <k} =G UGy, GiNGy=2. (15)
We have
Ti(u —w) =Tk, (u) —v —Typ(u—v) ae. in Gy, Ti(u—w)=0 in Go.
Hence, for every i € {1,...,n},
D;Ty(u —w) = D; Ty, (u) — D;v a.e.in Gy, D;Ty(u—w)=0 ae. in Gs.

These facts, and (14), (15) imply

/Gl {Z< V T, (w) D, Tkl(u)} dr <

i=1
< / {Zai(x,VTkl(u))Div}dx—l—k/ |F(z,u)|dz. (16)
G1 i=1 {lu_v|2h}

We denote by I; the integral from the left-hand side of (16), and by I, the integral from
the right-hand side of (16). By virtue of (4), we get

ql} dxr — / godzx.
G1

n

[1 2 02/ {ZV1|DZTI~€1<U)
G1

=1

From this estimate and (16) it follows that

02/ {Zyi|DiTk1(u)|Qi}dm<k/ |F($,u)|dm—|—/ godx + . (17)
Gy {lu—v|>h} Gy

i=1
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Using (3) and Young’s inequality, we obtain

C2 - ; C2
I, < —= | D; T a5 d — d
D) Gl{;V’ i () } x+201 Glgl o
n—1 n
+(2n)"! (C—1 + 1) / { 3 yi|Div|qi} dz. (18)
€2 G L=
Note that in view of proposition 1 for every i € {1,...,n} we have D; Ty, (u) = d;u a.e.

in ;. Taking into account this fact, we deduce the inequality (13) from (17) and (18). O

Next theorem is the main result of this paper.

Theorem 1. Let for a.e. x € Q  F(x,-) be the nonincreasing function on R, and let uy, us
be entropy solutions of the Dirichlet problem (6), (7). Then u; = ug a.e. in €.

Proof. We denote by ¢;, 1 = 3,4, ..., the positive constants depending only on n,c; and c,.

Fix an arbitrary function v € Wh4(v, Q) N L>=(Q), and set

n

®; = Z vilDiv|" + g1 + g2 + [F(z,u5)], j=1,2.
=1

From Lemma 2 it follows that for every k > 1, h > k + 1,

n
/ { E Vi’(Si'LL]'
{h—k<|uj—v|<h+k} i=1

Fix an arbitrary £ > 1, h > k+ 1, and put

qi}d:cgcgk/ Q;dx, j=1,2. (19)
{|UJ_U|>h_k}

G ={|lus —us| <k, |uy —v| <h, |lus —v| <h}, Gy={|lus—v|<h, |us —v| <h},
Gy ={lu1 —v| = h}U{|lus —v| 2 h}, w =v+Th(us—v), [=k+|w|rew.

By virtue of Definition 3 and assertion a) of Proposition 4, we have

/Q {gai(as,aul)DiTk(ul - w)}da: = /Q { gai(a:,VTl(ul))DiTk(ul — w)}dg; <
< /G Pl un) Ty — ) do -k | |F(,un)|do. (20)

Now we estimate lower bound the left-hand side of this inequality. Put
E' ={|luy —w| <k, |ug —v|<h}, E"={lus —w| <k, |ug —v| = h}.

It is clear that
GCE. (21)

Besides, we have

E\N\Gc{h<|uy—v|<h+k}n{h—k<|uy—v| <h}, (22)
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E"Cc{h—k<|u —v| <h+k} (23)

In fact, let € E'\ G. Then |ui(x) —ua(x)| <k, |ua(x) —v(x)| < h, |ui(z) —v(x)| > h.
Hence,

h < Jua(z) = v(@)| < fun (@) — ua(@)| + Jug(e) — v(@)] <k + |ug(2) = v(@)] < h + k.
Inclusion (22) follows from these estimates. Let now x € E”. Therefore,
ur(z) —w(@)] <k, |uz(x) —v(z)| = h. (24)

By virtue of the second inequality of (24), and definition of the function w we have
w(z) = v(x) + hsign (uz(x) — v(z)). So, in view of the first inequality of (24), we get

ur(2) = v(@)| < |ur(z) —w(@)| + [wz) —v(z)| <h+k,
h=lo(z) —w@)] <[ur(z) —v(@)] + [ur(z) —w(@)] < fur(r) —v(z)] + k.
Hence, inclusion (23) is true.

Further, since
Ti(ur — w) = Ti(ur) — Ti(us) ae. in E,

for every i € {1,...,n} we have
D; Ti(uy —w) = D; T)(u1) — D; T)(uz) a.e.in E. (25)
By analogy,
Ti(up — w) = Ty(u1) — v — Tp(ug —v) ae. in E”
thus, for every i € {1,...,n} we have
D; Ty(uy —w) = D; Tj(uy) — Div  ae.in E”. (26)

Taking into account (25) and (26), we obtain

/Q { i a;(x, VI (1)) DiTjo(ur — w)}dg; -

i=1

/ { Z z,VTi(w)) [D; Ti(uy) — DiTz(uQ)]} dr+

{Z 7, Ty(un)) [D: Ti ) — DU]}d

=1

From this fact, (21), and (4) it follows that

/Q { S i, VIi(un)) DTy — w)}dx .

i=1
n

> [ {;am,vmul»wmwl)—Dimuz)]}dx— /(E g2 do—

N\G)UE"

- ,\G{ S (e, Y )| i Y [ S (e, Y Ti(m)) Dot bae. (e)

i=1 i=1
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We denote by I’ and I” the third and fourth integral in the right-hand side of the latter
estimate correspondingly. Using Young’s inequality and (3), we get

/ {ZVZ]DTZ }da:—l—/ {ZmDTZ }dx+/ gidz, (28)

E\G E\G ENG

I”<61/ {ZVJDle( )qi}daj+/ {Zl/l qi}daz+/ g1 dx. (29)
1! Z:1 E// ,L:]- 1/

In view of Proposition 1, inclusions (22) and (23), and inequality (19) we have

[ S wpie -

Enauer i

=/ {Z% }d:c k/ o da, (30)
(E'\G)UE" i=1 {|ur—v|>h—k}

/ {ZUZ\DTI }dac:/ {Zl/l i q’}dxgcgk/ ddr. (31)
EN\G E\G : {lug—v|>h—k}

i=1
From (28)—(31) and (22), (23) we infer that

/ ggdx+[’—|—["<c4k / (I)ldl'+/ (I)QdCE .
(E"\G)UE" {Jlu1—v|>h—k} {|ug—v|>h—k}

Using this inequality and (27), we deduce that

/Q { i%(sc, VT () Di Ty — w>}dx S

=1

>/G{iai(x,VTl(u1)) [D: Ty(us) —DiTl(uQ)]}d:C—

i=1

—Cy k{/ (I)l dl‘—i—/ @2 dCL’} (32)
{lur—v|>h—k} {luz—v[=h—k}

In view of Proposition 1 VTj(u;) = du; a.e.in G, j=1,2.
This fact, (32) and (20) imply

n

/G { > ai(x, 6uy) [Sur — (5iu2]} dz <

=1

</ F(x,ul)Tk(ul—UQ)dx+c5k / <I)1dx—i—/ (I)le’ .
G1 {lur—v|=h—k} {lug—v|=h—k}

By analogy we have

/G{zn:ai(x,éug) (65 — 5iul]}dx <

i=1

< / F(x,ug) Tk(ug—ul) d$+C5k / (I)l dl‘+/ @2 dr p.
G1 {Ju1—v|>h—k} {lug—v|>h—k}
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Adding two latter inequalities, we establish that for every k > 1, h > k + 1,

/ { Z [a;(z, d0ur) — a;(x, dug)] [0;ur — (5¢u2]} dr <
{Jur—uz|<k,|ui —v|<h,|Jug—v|<h}

=1

S / [F(x,ul) - F($7U2)]Tk(u1 — Ug) dx—+
{Jur—v|<h,Jluz—v|<h}

{lur—v|=h—k} {lug—v|>h—Fk}

As for a. e. x € Q the function F(z,-) is nonincreasing on R, we have
[F(z,u1) — F(x,u2)]Tp(u; — uz2) <0 a.e. in Q. (34)
From Lemma 1 it follows that
meas {|u; —v| >h—k} -0, h =400, k>1,j=12.

This fact imply
Vk > 1 / Q;dr — 0, h—+4o0, j=1,2. (35)
{luj—v[=h—k}

Taking into account (34), (5), and using Fatou’s lemma, we infer from (33), (35)
duy = dup a.e. in Q. (36)
Let again k > 1, h > k+ 1. Put

2z =Th(uy —v) — Tp(uz — v).

Clearly, z € I/CY)/L"(V, Q). Hence, Ty(2) € I/(E/l’q(u, 2). In view of Proposition 3 and Young’s

inequality we have
1/4¢i
e dac) : (37)

(n—1)/n n
(/ ‘Tk<z>’n/(n1)d;§> gcoz (/Vl‘DZTk(Z)
Q Q

i=1

Let

Hy ={|z| < k,|ug —v| < h,|uy —v| < h}, Hy={|z] <k, |ug—v|<h,|ug—v
Hs ={|z| < k,|us —v| = h,Jus —v| < h}, Hy={|z] <k, |ug—v|>=h,|ug—v

VoWV

It is obvious that
4
H,NH.=2, m#r, mr=1...,4, {|z|<k}:UHm. (38)
m=1

We fix an arbitrary ¢ € {1,...,n}. Taking into account (2) and (38), we obtain

4
Q m=1"Hm

% dx. (39)
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From Proposition 2 and (36) we get
D;z=0 a.e.in H;. (40)
It is easy to show that
HyC{h—k<|uy —v|<h}, HsC{h—Fk<|ug—v|<h}. (41)
Besides, in view of Propositions 1 and 2,

DZ'Z = (51'%1 — DiU a.e. in HQ, (42)
D,z = Dyv — d;us a.e.in Hs. (43)

Using (41)—(43) and (19), we establish

/ v; |D; z|%dx < 2" (c3 4+ 1) k:/ ®y du, (44)
H»> {|u1—v|>h—k}
/ v | Dy z|% dx < 2" (e3 + 1) k:/ Oy dux. (45)
Hs {luzf’v|2h7’€}
Finally, Propositions 2 and 1 imply that
D;z=0 a.. in Hy. (46)

From (39), (40), and (44)—(46) we deduce

/Vi|DiTk(Z)|Qi dr < 2"(cs+ 1)k / Cbld:v—l—/ Oy dr ».
Q {lur—v|=h—k} {|lug—v|=h—k}

From this fact and (37) it follows that for every k > 1 and h > k + 1,

(n—1)/n
/ |y — ug|™ ™V <
{Jur—u2|<k,|ui —v|<h,|ug—v|<h}

n 1/‘]2‘
<c0c6kz / ®1dx+/ D,y da .
= | Jui—vizh—k} {lua—v|>h—k}

The latter result and assertion (35) allow to conclude that for every k > 1,

/ uy — | " Vdz = 0.
{lur—uz| <k}

Hence, u; = uy a.e. in €. O

REFERENCES

Aharouch L., Azroul E., Benkirane A. Quasilinear degenerated equations with L' datum and without
coercivity in perturbation terms// Electron. J. Qual. Theory Differ. Equ. — 2006. — V.19. — 18 p.



70

10.

11.

12.

13.

14.

15.

16.

Yu. S. GORBAN

Atik Y., Rakotoson J.-M. Local T-sets and degenerate variational problems. I// Appl. Math. Lett. —
1994. — V.7, Ne4. — P. 49-53.

Bendahmane M., Karlsen K.H. Nonlinear anisotropic elliptic and parabolic equations in RN with advecti-
on and lower order terms and locally integrable data// Potential Anal. — 2005. — V.22, Ne3. — P. 207-227.
Bénilan Ph., Boccardo L., Gallouét T., Gariepy R., Pierre M., Vazquez J.L. An L'-theory of existence
and uniqueness of solutions of nonlinear elliptic equations// Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4).
—1995. — V.22, Ne2. — P. 241-273.

Boccardo L., Gallouét T. Nonlinear elliptic and parabolic equations involving measure data// J. Funct.
Anal. — 1989. — V.87, Nel. — P. 149-169.

Boccardo L., Gallouét T. Nonlinear elliptic equations with right hand side measures// Comm. Partial
Differential Equations. — 1992. — V.17, Ne3-4. — P. 641-655.

Boccardo L., Gallouét T., Marcellini P. Anisotropic equations in L' // Differential Integral Equations. —
1996. — V.9, Nel. — P. 209-212.

Cavalheiro A.C. Existence of entropy solutions for degenerate quasilinear elliptic equations// Complex
Var. Elliptic Equ. — 2008. — V.53, Ne10. — P. 945-956.

Cirmi G.R. On the ezistence of solutions to non-linear degenerate elliptic equations with measures data//
Ricerche Mat. — 1993. — V.42, Ne2. — P. 315-329.

Kinderlehrer D., Stampacchia G. An introduction to variational inequalities and their applications. —
M.: Mir, 1983. — 256 p. (in Russian)

Kovalevsky A.A., Gorban Yu.S. Degenerate anisotropic variational inequalities with L'-data — Institute
of Applied Mathematics and Mechanics of NAS of Ukraine, Donetsk, 2007, preprint Ne 2007.01. — 92 p.
(in Russian)

Kovalevsky A.A., Gorban Yu.S. Degenerate anisotropic variational inequalities with L'-data// C. R.
Math. Acad. Sci. Paris. — 2007. — V.345, Ne§. — P. 441-444.

Kovalevsky A.A., Gorban Yu.S. On T'-solutions of degenerate anisotropic elliptic variational inequalities
with L'-data// Izv. Math. — 2011. — V.75, Nel. — P. 101-160. (in Russian)

Kovalevsky A.A., Gorban Yu.S. Solvability of degenerate anisotropic elliptic second-order equations with
L'-data// Electron. J. Differential Equations. — 2013. — Ne167. — P. 1-17.

Kovalevsky A.A. Entropy solutions of Dirichlet problem for a class of nonlinear elliptic fourth order
equations with L'-right-hand sides// 1zv. Math. — 2001. — V.65, Ne2. — P. 27-80. (in Russian)

Li F.Q. Nonlinear degenerate elliptic equations with measure data// Comment. Math. Univ. Carolin. —
2007. — V.48, Ne4. — P. 647—658.

Donetsk National University
yuliya_gorban@ mail.ru

Received 2.02.2016



