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Keller-Osserman a priori estimates and the removability result

for the anisotropic porous medium equation with absorption term

Maria A. Shan

Presented by A. E. Shishkov

Abstract. We obtain the removability result for quasilinear equations of the form

n

U — Z (umi*luzi)m + f(u) =0, u>0,

1=1

and prove a priori estimates of the Keller—-Osserman type.

Keywords. Anisotropic porous medium equation, Keller—-Osserman a priori estimates, removability of an

isolated singularity.

1. Introduction and main results
We will study solutions to a quasilinear parabolic equation in the divergent form
up — divA(z,t,u, Vu) + ap(u) =0, (z,t) € Qr =Q x (0,7),

satisfying the initial condition
u(z,0) =0, € Q\ {0},

where 2 is a bounded domain in R™",n > 2,0 <T < oc.

(1.1)

(1.2)

We suppose that the functions A = (ay,...,a,) and ag satisfy the Carathéodory conditions, and

the following structure conditions hold:

A($, t,u,f)f > Z |u‘mi_1’£i|2a
=1

n 2
1)1 L .
jai(a,tu, )] S vou™ VY fu g | i=Ton,
j=1

ao(u) = v1f(u),

with positive constants 7 and v and a continuous positive function f(u). Moreover,

min m; >1——, max m; < m+ —,
1<i<n n’ 1<i<n n

n
where m = % >~ m;. Without loss of generality, we assume that m; < mg < ... < m,,.
i=1
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Many authors studied the problems of singularities of the solutions of second-order quasilinear
elliptic and parabolic equations. The review of these results can be found in [19]. Brezis and Veron [2]
proved that the isolated singularities of solutions to the elliptic equation

—Au+u? =0,

are removable for ¢ > n/(n — 2). In [3], Brézis and Friedman proved that the isolated singularities of
solutions for the parabolic equation

ou

N —Au+|uT =0, (z,t) € Qp\{(0,0)}

are removable for ¢ > (n + 2)/n. The removability of an isolated singularity for solutions of porous
medium equation in the nonanisotropic case (m =mj = ... = my)

ug — A (Ju™ ) + ul e =0,

has been proved under the assumption ¢ > m + % by Kamin and Peletier [5].

The development of the qualitative theory of second-order quasilinear elliptic and parabolic equa-
tions with nonstandard growth conditions has been observed in recent decades. It is worth to mention
works [4,6,7,9,10,12,15-18|. One of the basic prototypes of such equations is

(mi—1)(pi—2)
o3

The removability result of an isolated singularity and a priori estimates of the Keller—-Osserman type
for this equation were obtained in [9,12].

We now define a weak solution to problem (1.1), (1.2) with the singularity at the point (0,0). We

n
write Vo, (Qr) for the class of functions ¢ € Coe(0, T, L F™ (Q)) with mef lp[mitm™ =2 2 dadt <
=187

00, where m™ = min(my, 1). By a weak solution to problem (1.1), (1.2) we mean a function u(z,t) > 0
satisfying the inclusion uy) € Vo, (Qr) N LE (0, T; W2(Q)). The integral identity

loc

ou |P
81:

2 du ,
:0,pi 22,77%' > 1,7,: 1,n.
a.%i

/u(m, T)pdx + / / {=u(Yp)t + Az, t,u, Vu)V () + ap(u)pe} dedt =0 (1.5)
Q 0 Q

1,2
holds for any testing function cpEI/Vll 2(0 T; L2 ()N L (0,T; V(I)/ZOC(Q), any 1 € C1(Qq) vanishing
in the neighborhood of {(0,0)}, and for all 7 € (0,T) .

The result of this paper is the removability of isolated singularities for solutions to the anisotropic
porous medium equation with absorption term. The proof of this result is based on a priori estimates
of the Keller-Osserman type of the solution to Eq. (1.1). The main difficulty lies in the fact that a

part of m; < 1 (singular case), and another part of m; > 1 (degenerate case).

Theorem 1.1. Let conditions (1.3) and (1.4) be fulfilled, and let u be a nonnegative weak solution to
the problem (1.1), (1.2). Assume also that f(u) = u? and

2
q>m+ —. (1.6)
n
Then the singularity at the point {(0,0)} is removable.
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Let (29, t©) € Qp. For any 7,601,60s,...,0, > 0,0 = (61,...,6,), we define QQ,T(:B(O),IS(O)) =

{(z,t) : [t—tO] < T, |xi—:rl(-0)| <6;,i=1,n}andset M(0,7):= sup wu, F(0,7):=  supF(u),
QQ,T(‘T(O)’t(O)) QQ,T(x(O)zt(O))

IS

F(u)=[s™ ~1 f(s)ds, m*= max(my,1).

o

Theorem 1.2. Let conditions (1.3) and (1.4) be fulfilled, and let u be a nonnegative weak solution
to Eq. (1.1). Assume also that f € CY(RY) and f(w) > 0. Let (9 ¢t©) € Qp, fir o € (0,1),

97“ - n > 17 . ey .
and let Qgy 8T(m(0), t(o)) C Qr. Setp= { 1 me Then there exist positive numbers c1 and ¢
' T2, if my < 1,
depending only on n,vy,ve, m1, ..., my such that either
L n—1 2
G2\ mn—1 mF —ma
©) 40y < (n Ll ‘ 1.7
w0 < (2) 3 (1.7
or
(M(09,07)) "+ 5" F(M (08, 07)) < e1(1— o) Tp 2(M(6,7)™ HH"2 (1)
holds true.
In particular, if
F(eu) < €m++m7+ﬁF(u), 8 >0, (1.9)
then
F(M(0,7)) < ca(1 — o) T M™ T (0, 7)p2. (1.10)

An example of the function f, which satisfies condition (1.9), is f(u) = u?,q > m + % Assuming
for simplicity that dist(z(?),9Q) = |#(9)| and choosing 7, 6;, from the conditions

02 2 2(g—1)

1
mp—1 . T q—mn — qg—mn
7”) =0, , e, 7= 0y ,

omn>1:(

2 2 q—m;

(5)7™ ™ =0 e, 0= 017,
k2

- ) 2(¢-1)
mn — —_— . -
e m, <1 (—”) " =1 amn e, T=607 ",

2
WN\Tm 1 4—m;
T =T (1—1’ 1.€e., 91 = 7'2<qfl>7

we obtain an estimate from (1.7), (1.10)
n 5 -1
s 1
w(z©@, 10y < ¢ <§ 2O 4 (t<0>)q-1> . (1.11)
i=1

2. Keller-Osserman a priori estimates

2.1. Auxiliary propositions

Let E(2p) = {(z,t) € Qp : u(x,t) > M(2p)}, ulP) (x,t) = min (M (8) — M(2p), u(z,t) — M(2p)).
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Lemma 2.1. [11] Under the assumptions of Theorem 1.1, the following inequality holds:

// uPudypldzdt < v (M (g) - M(2p)>
E(2p)

1
x {Fg(T, \) + (Fy(r, \) + Fa(r, \)2 F{ (r, /\)} (2.1)
where
RMr), A >0,
=2 1
Ina—1 - A=0, qg> 2,
T
Fi(r,\) =
. 3) lnlnl7 A=0, ¢=2,
T
_2-q ]
In -1 -, A=0, ¢<2,
\ T
RMr), A >0,
q—2m; ]
Ine=m1 — A=0, qg>2my,
F(r,\) = 1
() Inln—, A=0, ¢=2mq,
r
_2my—gq 1
In t-m o A=0, g<2my,
RMNr), A >0, RMr), A>0
F3(T> )‘) = 11 F4(T, )‘) = 1
g1 = et 1 -1 5 )\: 5
lnqlr,)\ 0, n R(r)
where A\=n — —2—.0 < r < Ry.

qg—m’

Lemma 2.2. [1] Let Q@ C R", n > 2 be a bounded domain, v € VOVM(Q), and

Z/Mallv |Pidr < 00, a; >0, p; > 1. (2.2)
=1
Q
n n
If1<p<mn, thenv € LYQ),q = % <1 +1 Zl g;) , % =1 2 p%_, and the following inequality holds:
1= 1=
1
n np; 1+% % o%-
HUHLq(Q) < ’}/H /|U‘ai|vmi’pidl‘ < i=1 P ) , (23)
=1\

where the positive constant v depends only on n,p;,o;,1 = 1,n.

Lemma 2.3. [8, chap. 2] Let {y;}jen be a sequence of nonnegative numbers such that for any j =
0,1,2,... the inequality
yir1 < Cyite
holds with positive €,C > 0,b > 1. Then the following estimate is true:
-1 (+e)i-1 j
;< oGl et %y(()l—&-s)y.

Particulary, if yo < C™ b e2 then lim y; = 0.

]—}OO
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2.2. Integral estimates of solutions
Consider a cylinder Qg (z(?), (). Let (z,#) be an arbitrary point in Qug o-(2(?, ). Tf u(2®), t(©)>
1 n—1 2 n —2
(2)™7+s (£) T then M(0, r)—max(M(8.1)36.)> (r16,) 7T+ 35(67 )7 . Hence,
i=1 [ i=1

T

Qu.s(Z,1)CQp+ (2 1) where s = (1 — o)M= (0,7)p% n; = (1 — U)M%(H,T)p, i=1,n.
For fixed &k > 0 and l,j =0,1,2..., set oy = %(1 + 27 427, ki = k(1 —279), mij =
(o + 12‘j_l_1)77¢,i = 1n, nj; = (771,j,ly~~-,77n,j,l)a Sjl = (cu + %Q_j_l_l)s’ Qj1 = an,lvsj,z(jv{)v
Akw]7 {ZC € QL[(ZZ',E) : F(u) > /{j}. Let & € CSO(Q]'J(:E,E)), 0<¢ <1§ =1in Qj+17l(:f,£),
‘%ﬂ <2t ‘%‘ <2t li=T1n.

In what follows, v stands for a constant depending only on n, v, va, m1, ..., m, which may vary

from line to line.

Lemma 2.4. Let u be a nonnegative weak solution to Eq. (1.1), and let conditions (1.3) and (1.4)
hold. Then for any j > 0 the following inequality holds:

B ) = ke + 30 [ 19 ~ k)P v
=1 Ap.

Ak 5 (t)

/ / ) f2(w)E2dwdt<yM™ ™ (0, 7)p / / 2 dadt, (2.4)

where l; = F_l(kj),j =0,1,2,....

Proof. Testing identity (1.5) by ¢ = (F(u) — kj)+f(u)§]2- and using conditions (1.3), we get

[ [ wet@E) - k) sar
Ak,
+Z// mitmT =2y 2 2 () fjdxdt—i—// ki) f? (u)€ dadt

dzdt.

<53 // o <Zu’“ 1\ul|2) (F(w) - k)1 S0 | 5

i= 1A
From this, using the Young inequality and the evident inequality I[; < u(z,t) < M(0,7) on Ay, j,

we arrive at the required estimate (2.4). O

2.3. Proof of Theorem 1.2

By Lemma 2.2 and the Hélder inequality, we obtain

]+1l - // J—H) dxdt

Akjy1+1

67



2 2(n+2)
<Ak a7 // ((F'(u) = kjp1)+&) " » dadt
kjyq. Ll
2
n+2
2
< ’Akj+17j+1,l nt2 ess sup / (F(u) — kﬁl)if?da:
0<t<T
Ak +1.0(E)
% n:,L-Q
T n
2
an [ k) s |
0 =t Ak yy,+1,1(1)
2
n+2

[ -k

Ak y1.g+1,1()

TTL
x 0/ I [ F@-ka)a G

_n_
n+2

2
< \Akjﬂ,jﬂ,z |72 esssup
o<t<T

¢ |2

6952-

2

o[ k2

Ak jpr.i+1.(0)

Denote Q; = Qa;n,ays, Mi = supu. In view of (2.4), it follows from Lemma 2.3 that y;; — 0 as

dx dt

l
j — oo, provided k is chosen to satisfy

9 ! m7—1+7L("L_77n> (n+2)(7n+77n_) 9 9
k=271 oM, @, 7)p """ //F (u)dzdt.
Qi1

From this, we obtain
1— _+n(m—m7)
M, R (M)

oy M s )
<yl -0)727"M,, P //F (u)dxzdt.
Qi1

1-m~ , n(m—m—) a
Denoting M, * M F(M;) = M? F(M;) = V;, we have

9 e emTom™) o o
Ui <yl —=0) 7270 M, p // F(u)dzdt
Qi+1
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1 -
S eUf + (1= 0) 72 (M (9, 7)) o) e

2
x p2(n+2) / F(u)dxdt
Qi+1
By iteration, we get
-1
VA (u(z, D)) < W < U+ 1y(1 - 0) 7 Y ()
=0

( (9 T))(n-&-?)(m*—m —a —2(n+2) // dil?dt
Qi+1

We choose € = 277!, Passing to the limit as | — oo, we obtain

$t1m+7

F(u(z,1)))

< (1= o) p=""2(M (B, 7)) 2 / W™ ddt, (2.5)

xT
4.

flu
5@

To estimate the integral on the right-hand side of (2.5), we test the integral identity by ¢ = u™ (2.
Using conditions (1.4) and the Holder inequality, we obtain

[ [t casdess [ [ i lcdzdt + 73 [ [ Pt

Qg (@) Qnsxﬂ = ]Qns(a:i)

s
’2

m—m

_ _ +
< MM (0,7)|Qa s (7,8)] < yp"M™ IR0, 7). (2.6)

2
Let (Z,1) be an arbitrary point in Qug o (z(?,t(?). From (2.5) and (2.6), we arrive at

(M (08, 0r)) ="+ 5" F(M (00, o7))
N m m
<1 =) p A(M (0, 7)™ : (2.7)
For j 0,1,2..., we define the sequences {o;},{0;}, {7}, {M;} by o; - i:g:;:;,

9]' = (91]',(92]',...,9”]'), 92']' = 91(1+l++2%), 1 = 1,7771, T; = T(1+%++L), Mj =

F(M; m M
sup , I'(M;) = |:Mm(++J,—,)’L:| T )
QG )T (x(o ) J

We write (2.7) for the pair of boxes Qp, -, (@, +0)) and Q041,741 (2@, +0)), This gives

—2
n(m—m=—)

MT(M)) < 7(1 = o) 127 pm 14255 pg
We use the following inequality, which is an immediate consequence of our choice of I":

L(u)v < e 'T(w)u + T'(ev)v, g, u,v > 0. (2.8)



Indeed, if v < e tu, then T'(u)v < e T (u)u, and if v > e tu, then I'(u)v < T'(ev)v. In both cases,
(2.8) holds.
_ B
If e € (0,1)andu = T then

1T(M;) M,
F(Ml) < P(EM[.H) + - ( l) !
e My

—2
n(m— 7n -)

<T(eMppq) + eyl — o) 720 pmtat

_2

< T (Myy1) + e 1yl — o) 7720 pmt s
By iteration, we get

! -2
I'(Mo) < e"T'(Miy1) + e 'y(1—0)77 23(5“”2”)P’"+“+M
i=0
We choose e# = 27771 and pass to the limit as | — co. We obtain

—2

D (@@ t0)) < (1 — o) Tpmtrr g™
Return to the previous notation
Fu(z©#9)) <y(1— o) (M(9, 7)™ ™ p2 (2.9)
Thus, Theorem 1.2 is proved. O

3. Proof of Theorem 1.1

3.1. Pointwise estimates of solutions

Let
. K1(A)

Qr =1 (z,t) € Qp: <t”1(k) +Z |z |”1W> <r P,
WthG/i(A)ZW, HZ(A):W,ZZE,A:TL—% For0<7“<p< 130
(Ro : Qry, C Q) we set M(r) = sup u(w,t) and ug, = u(z,t) — M(2p) < M (§) — M(2p) for

QRO\QT
(z,t) € QRO\Qg- For fixed k > 0 and j = 0,1,..., we set p; = §(1+2%) = k(1 —277),

A5 = {(x,t) € Qp; + ugp > kj}. Let (j € C° <ij+1+pj> , 0<¢ <1, ¢ = 1outside Qp;, ¢ =0
2

. ¢,
in Qp,,, and ‘th

————TS
< 727p =, ‘371

2 .
< y297p =N 4 = 1,n. Let 49 be the number such that

. . . . ’ 20 " L 3
migl,z:l,...zoandmi>l,z:zo+1,...n,m:%Zmi,m :% >~ m,;. Note that ig = 0,
i=1 i=ig+1

ifm; >1,i=1,n,and ig=n,if m; <1, i =1,n.

70



Testing identity (1.4) by ¢ = (ug, — kj)+(]2 and using conditions (1.4), we obtain

ess sup / (ugp — )+dem+ZMm’71 / |t |2 dea;dt

Ag;,5(t) kj.i
+ Z k7 / |, |2 & dxdt—i—//(uzp — kj).,.qu?dxdt
i=19+1 ;
ks

I T _ 2
o (5 Qo S (9 )
i=1

By Lemma 2.2, the Holder inequality, and estimate (3.1), we obtain

Visn= [] (uzp — kjy1)} dodt
A

j4+1.9+1
n:—Q
s 244
< Ak g ST ((uzp = kjy) 4. G)* e dadt
kjy1,d+1
2
n+2
< |Ag,,,jor |7 esssup [ (uzp— k)3 Gida
0<t<T \ 4, . Sy ()
1 =
t n 9 "
< ([ 11 I w2y = kju1)+Gj)a, [T da | dr
0i=1\A ]+1,j+1(t)
(1—ml)i0 (1*m//J)r(2"*i0)
<M (§) k"

1 n ——2_ 2
(302 (8) 7+ 5 00t (8) 7Y ) a7
1=

In view of the evident inequality (ug, — kj)+ > leil on Ak, j,

”
(1—m )zo (A=m )(n—ig)

Yj1 < 72”M 2 Y ki " (M2 (%) p ~%

—
[\SlpeY

n
mi+1 (P _% 1+ni+2
eyt (3) o

i=1
It follows from Lemma 2.3 that

mﬁf n—i . (—m/)i
(M(p) = M(2p)) 2244 < a2 ()

we obtain the estimate

(3.1)

(3.2)
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y (MQ (g) p ey ZMWH m (A)) // u2pdmdt. (3.3)

E
2

By the Hélder inequality and Lemma 2.1, we get

(m” — )n—ig) (- m)
(M(p) — M(2p) = F= 00 < i S (2)

n
(3 (@t + S (5))

i=1
X {Fg(T‘, A) + (Fi(r, \) + Fa(r, )\))%Ff (r, )\)} \Q§|gﬁ. (3.4)
Similarly to [11], we obtain the following estimate:
M(p) = M(2p) < 0.
Iterating the last inequality for any p < %, we get
M(p) < M(Ry).

This proves the boundedness of solutions.

3.2. End of the proof of Theorem 1.1

Let K be a compact subset in €2, and & = 0 in 9Q x (0,7) such that £ = 1 for (z,t) € K X
(0,T). Testing (1.5) by ¢ = u™ &%, 1 = 1., using conditions (1.3), the Young inequality, and the
boundedness of u, and passing to the limit » — 0, we get

T
sup /um +1d:):+2// =2y ]2dxdt+//uq+mdxdt <. (3.5)
0K

o<t<T
K =17 K

Testing (1.5) by ¢, using (1.3), and the boundedness of solution, and passing to the limit » — 0,

01,2
we obtain the integral identity (1.5) with an arbitrary ¢ € Y/VZ1 2(0,T; L2 Q)N LE (0, T W, (2))

and ¢ = 1. Thus, Theorem 1.1 is proved. O
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