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Removability of an isolated singularity for solutions
of anisotropic porous medium equation
with absorption term

Maria A. Shan

Presented by I. 1. Skrypnik

Abstract. The removability of an isolated singularity for solutions to the quasilinear equation

n

Ut — Z (umi_lu%i)wi + f(u) =0,u >0,

=1

is proved.
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1. Introduction and the main result
We will study solutions to a quasilinear parabolic equation in the divergent form
up — divA(z,t,u, Vu) + ap(u) =0, (z,t) € Qp,

satisfying the initial condition
u(z,0) =0, z€Q\{(0,0)}

in Qr =Qx(0,T7),0<T < oo, where § is a bounded domain in R",n > 2.

(1.1)

(1.2)

The qualitative behavior of solutions to elliptic equations was investigated by many authors starting
from the seminal papers by Serrin (see [4-8| ). In [1], Brezis and Veron proved that, for ¢ > "5, the

isolated singularities of solutions to the elliptic equation

—Au+u? =0,

are removable. The result on the removability of an isolated singularity for the parabolic equation

% ~Autult e =0, (z,t) € Q7 )\ {(0,0)}

was obtained by Brezis and Friedman [2]| in the case ¢ > ”TJFQ The anisotropic elliptic equation with

absorption

n
- Z (‘“%|pi_2“$i)xi +Jul" " u =0
i=1

Translated from Ukrains’kii Matematychnyi Visnyk, Vol. 13, No. 3, pp. 350-360 July—September, 2016.
Original article submitted September 05, 2016

1072 — 3374/17/6222-0741 (© 2017 Springer Science+Business Media New York

741



was studied in [12]|. It was proved that the isolated singularity for a solution of the this equation is
removable, if
02D << g B0
n—p n—p
For quasilinear elliptic and parabolic equations of a special form with absorption similar questions
were treated by many authors. A survey of their results and references can be found in Veron’s
monograph [14]. The removability of isolated singularities for more general elliptic and parabolic
equations with absorption was established in [10] and [11].
We suppose that the functions A = (ay, ..., a,) and ag satisfy the Carathéodory conditions, and the
following structure conditions hold:

p.

A(x,t,u,f)f > Z ’u‘mi71‘£i|27

=1

M=

n
m;—1 ) .
‘ai(x?ta u?&)’ < vou 2 § :|u|m]_1|§j|2 , 1= 1777'7 (13)
7=1

ao(u) = v1f(u),

with positive constants vy, va, a continuous positive function f(u), and

K
min m; > 1, max m; <1+ — <n 1.4
1§Z§TL 7 9 1§7,§n (— n7 p ) ( )

n
where k =n(m—1)4+2,d = % > 5. Without loss of generality, we also assume that m,, = max m;.
=1 <i:<n

n
We write V5, (Qr) for the class of functions ¢ € C(0,T, L2(2)) with > [[ [o|™ ! s, ? dadt < oco.
=107
We say that u is a weak solution to problem (1.1), (1.2) if, for an arbitrary ¢ € C'(Q7) vanishing in
a neighborhood of {(0,0)}, we have an inclusion u1) € Va,,(Qr) and, for any interval (¢1,t2) C [0,7),
the integral identity

to to
/ugodx + // {—upr + A(z, t,u, Vu)V + ag(u)p} dedt =0 (1.5)
Q 2 t1 Q

holds for ¢ = (4 with an arbitrary ¢ € Vam(Qr).
We say that a solution u to problem (1.1), (1.2) has a removable singularity at {(0,0)} if u can be
extended to {(0,0)} so that the extension @ of u satisfies (1.5) with ¢ =1 and @ € Va,,(Qr).

Remark 1.1. Condition (1.4) implies the local boundedness of a weak solutions to Eq. (1.1) ([3]).
The main result of this paper is the following theorem.
Theorem 1.1. Let conditions (1.3) and (1.4) be satisfied, and let u be a nonnegative weak solution
to problem (1.1), (1.2). Assume also that f(u) = u? and
2
q>m+ - (1.6)
n

Then the singularity at the point {(0,0)} is removable.
The rest of the paper contains the proof of Theorem 1.1.
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2. Integral estimates of solutions

For 0 < XA < n we define the numbers

1 2

2+ (n—\)(m—1) Ki(A) = 2 (= N(m—m)’ i=1,n.

k() =

Let

k() n s () r1(A)
pa(z,t) = (tnm) + Z ‘xi’nl(k)> .
i=1

We assume that Dy(r) = {(z,t) : px(z,t) < r}, DA\(Rp) C Qp. For 0 < r < Ry we set M(r,\) =
sup u(z,t), E(r,\) = {(x,t) € Qr : u(x,t) > M(r,\)}, up(r,t,\) = (u(z,t) — M(r,\))+ and

Dx(Ro)\Dx(r)

consider the function ¥,.(z,t) = n.(pa(z,t)), where 1, : Rl — R! is a function taking the following

values: n,(2) =0, if z < r, n.(2) = 1if 2 > R(r), and ,(z) = [(1 —¢)Inln %]71 (Inlni— Inlni), if

r < z < R(r). Here, ¢ is a number from the interval (0, 1) specified in what follows, and R(r) is defined

by the equality

1 1
=1In® —. 2.1
R(r) o (2.1)

Note that, by the evident equalities qfll = (n—AN)k(N), q_zmi =(n—MNki(A),i=1,n, with A >0
defined by

In

A=n— ——— 2.2
ne (22)

the Keller-Osserman estimate yields
M(r,\) <~ r > 0. (2.3)

This estimate follows from Theorems 4.1 and 4.2 (Appendix) in the case p; = py = ... = p, = 2.
Consider the functions Fi(r, \) and F(r, A) defined by the equalities

RMr), >0,

1
) )\:07 q>27
r
Fl(r7)‘): 1
r
1
r

q—2mq 1

Inem1 — A=0, qg>2m,
r

F2 ’I”,)\ = 1
(. A) Inln—, A=0, ¢=2m1,
r

To simplify the following calculations, we write M (r), E(r), and u,(x,t) instead of M (r, A), E(r, A),
and u,(x,t, \).

Lemma 2.1. Let the assumptions of Theorem 1.1 be satisfied. Then the following estimate holds
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u

su In, ———dsl de + // =2y, |2l dedt
octeT / / M (g v Z a0

B(§)x{ty M(%)

//uqln (et <5 (i) + Falr ) (24

2

for every [ > (1_27:;” and for every 2r < p < o

Proof. Testing (1.5) by ¢ = In M(p )¢ and using (1.3) and the Young inequality, we get
2

u

sup In ds, dx + // M2y, [Pl dzdt
o<t<T//+(g)¢ Z e

(§)x{ty M(5)

//uqln p z/JTd:cdt<fy//uln u ‘8@!@

(%) M (%)

s U o0, |
+’YZ// In? p ‘31‘1

§

Y tdedt

Y2 dxdt.

From whence, by the Young inequality, we obtain

sup / / In; ————dsyldz + / / U™ 2 g, |2l dedt
0<t<T M (2) ; |
E B

(%)
g x{t} M g
q u [, |7
//u In (g)wrdazdt<fy//lnM g 1 dxdt
B(%)
2g—m; 8
+’}///ln = 1&”) (;ﬁr Cdwdt =~ (Jy + o). (2.5)
§ 7
(%)
By (2.3), we have
11 s
Ji+Jo < vy // In a1 P py "N dwdt
A
DA(R(r))\Dx(r)
i o)
—I—’yz n 4™ —/\ Py dxdt
T)\Dx(r
R(r) R(r)
— 1 5 -m 1y
<y [In o1 s dz+~[In m P dz <y (Fi(r,\) + Fa(r, \)) . (2.6)
Combining (2.5) and (2.6), we obtain (2.4), which completes the proof of the lemma O
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We now define a function u(?)(z,t) and a set E (5,2p) as follows:

u (1) = win (M (5) = M(2p), wsy(2,1))

E <g,2p> —{zeB2p):u<M (g)}.

Lemma 2.2. Under the assumptions of Lemma 2.1, the following inequality holds:

// WPutyldadt <5 (M (5) = M(2p)) {F3<T,A> (Fy(r, \) + Fa(r. \) 2 Ff (. A>} (2.7)

where
RMNr), A>0, RMNr), A>0,
In In~! 1, A=0.
T

Proof. Testing (1.5) by ¢ = w4l and using (1.3) and the Young inequality, we get

q

/ / Dty dedt < ~ / / (w’” " dzdt
E(2p)
+WZ// (Zumflux].Q) u T ) ?;ir L dzdt
=hi(3p) \I=1 Z
=7 (Js+ Jy). (2.8)

By the Hoélder inequality, (2.3), and Lemma 2.1, the integrals on the right-hand side of (2.8) are

estimated as follows:

J3§7<M( //‘8%

E(2p)

p =S ey
<~ (M(E) - M In~ a1 — dadt
_’Y< ( ) (P)) / n o Px z
Da(R(A))\Dx(r)

R(N)
gfy(]W(g)—M(Qp)) / In~ a1 %szzgy Q\J(g)—M@p))Fg(r, A). (2.9)

r



Similarly,

N

J<y(M(5) - M(20)) Z// W52y [Pyl dadt

< (3 (2) - )

1 —mi(n—AX
// ln_Q—p/\ - 'mdzdt

A(RA)\DA(r

NI

[NIES

R(r)
< (M (g) - M(2p)> (Fy(r, \) + Fa(r, \))? / 1n*2§ A1z

T

<y (M ()~ M(20)) (Fi(r, 3) + Bo(r, N)E B (r, ). (2.10)

Combining (2.8)—(2.10), we arrive at the required relation (2.7), which proves the lemma. O

2.1. Pointwise estimates of solutions

Similarly to [13], using the De Giorgi-type iteration, we prove the following estimate

n+2

n 2
ittt <o (o (§) st S (8)758) T [ gz
=1

DA(Ro)\Dx(8)

We note that ug, < M (§) —M(2p) for (z,t) € Dx(Ro)\ Dy (5) . By the Hélder inequality and Lemma
2.2, we get

n+2

n 2
M(o) — M(2p)Hm+m™ 5%« areit (B) M (B) oy M (B) ey
(M(p) (2p) 2 yMet (g 5)P +i§_1 5) P

X {Fg(r, A) + (Fi(r, \) + B(r, A))%FE (r, /\)} Dy (Ro)| ot . (2.11)

In inequality (2.11) we pass to the limit as » — 0. By (2.1) the following relations are valid for
A=0:

Fi(r,0)Fy(r,0) = Ina—1 R R(T) = Ina! 57, if g > 2,
a=2my ] a=2my 1
Fo(r,0)Fy(r,0) =In'e=m1 = In~t ( =Inam " - if ¢ > 2m;.
T T
1 q—2 q—2

Let us choose € from the condition max (f iz ) < ¢ < 1. Passing to the limit as r — 0 in

27 q=17 g—m
(2.11), we obtain, for any p < o,
M(p) — M(2p) < 0.
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Iterating the last inequality, we get, for any p <
M(p) < M(Ry).

This proves the boundedness of solutions.

3. End of the proof of Theorem 1.1

Let K be a compact subset in €, and let £ = 0 in 9Q x (0,T") such that £ = 1 for (z,t) € K x (0,T).
Testing (1.5) by ¢ = u&?t,, 1 = 1),., using conditions (1.3), the Young inequality, and the boundedness
of u and passing to the limit r — 0, we get

T

sup /u dx—l—Z// iy, 2 dxdt+//uq+ldxdt<7 (3.1)
0<t<T )

110 0

o
Testing (1.5) by ¢, where ¢ is an arbitrary function that belongs to Vg, (£27), using (3.1) and
the boundedness of the solution, and passing to the limit » — 0, we obtain the integral identity (1.5)

with an arbitrary ¢ € ‘0/27m(Qt) and ¢ = 1. Thus, Theorem 1.1 is proved.
4. Appendix

Let (2(©) t<0>) € Qp. For any 7,01,09,...,0, > 0,0 = (01,...,0,), we define Qg (z(®,+0) .=
{(@,t) : |t —tO) < 7, |z; — 2! < 6;, i =T,n} and set

M@,7):= sup u,0(0,7):= sup I(u),
QQ,T(I(O)vt(O)) QG,T(x(O)vt(O))
B(O.7) = sup b)) = [ els)dspls) =" ()
Qo+ (x(O)t(©) 0

We say that a nondecreasing continuous function v satisfies condition (A) if for any € € (0,1) there
exists ug(g) > 1 such that

Pleu) < P(u), (4)

with some g > 0 and for all u > wug(e).

Theorem 4.1 ([9)). Let conditions (1.3) and (1.4) be satisfied, and let w be a nonnegative weak
solution to Eq. (1.1). Assume also that f € CY(RL) and f'(u) > 0. Let (2(9,t©) € Qr, and let us fix

€ (0,1), 7 € (0, min(5", ), T — ), 6, € (0,6,) foric I ={i=T,n:mip; —1) < mp(pn —1)}
and 0; = 0, foriel = {i=1,n:mi(p; —1) = mu(p, —1)}. Then there exist positive numbers cg, cy

depending only on n,vi, Ve, M1, ..., My, P1,--.,Pn Such that either
u(@ @Oy < (7 1ppn)mn<pn D1 4 Z 19Pz T S D (4.1)
iel’
or
®(0b,07) < cg(1 — )70, P50, 7)M™Pr—1(9, 7). (4.2)
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On the other hand, if I' is empty, i.e. mi(p1 — 1) = ma(py — 1) = --- = my,(pn — 1), then either
w(z®, 1)) < (Tflggn)m (4.3)
r (4.2) holds true.

Theorem 4.2 ([9]). Let conditions (1.3) and (1.4) be satisfied, and let u be a nonnegative weak solution
o (1.1), f € CYRL), and f'(u) > 0. Let dQr be the parabolic boundary of Qr. Assume also that

lim  wu(z,t) = +oo, and, with some 0 < a <1 and ¢ > 0, the following relation holds:
(x,t)—>8S2T

d(u) < cu®.

Let (u) = w1 P FasT (u) satisfy condition (A). Let (9,1 € Qp and 8p = dist(z("),09Q). Fix
7 € (0, min(pPr, tO), T — ) and 6; € (0, p) fori e I'. Then there exists a positive number c1g that
depends only on n,vi, V2, M1, ..., My, P1, .., Pn, and c and is such that either (4.1) holds, or

®(u(z, 1)) < ¢ofPrumnPatat () ¢0)), (4.4)

On the other hand, if I' is empty, i.e., mi(p1 — 1) = ma(ps — 1) = ... = myu(py — 1), and ¥(u) =
1
u~ @ mnrnta=1 (u) satisfies condition (A), then either (4.3) holds, or (4.4) holds true.
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