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Abstract We study a class of quasilinear parabolic equations with model representative

B "9 .0
M — |u|m’_1—u =0m;>1,i=1,...,s, mj<l,i=s+1,...,n.
ot P 3)(,' 8Xi

We establish the pointwise condition for removability of singularity for solutions of such
equations.

Keywords Anisotropic porous medium equation - Removable isolated singularity -
Pointwise estimates

Mathematics Subject Classification 35B40

1 Introduction and main results

In this paper, we study solutions to quasilinear parabolic equation in the divergent form
ur —div A(x, t,u, Vu) = b(x,t,u, Vu), (x,t) € 27\ {(x0,0)}, (1)
satisfying a initial condition
ux,00=0 x e 2\ {xo}, 2)

where £2 is abounded domainin R", n > 3, xo € 2, 0 < T < 00.Set 27 := 2 x(0,T).
We suppose that

. 2 2
min m; >1——, max m; <m+ —, 3)
1<i<n n  1<i<n n
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n
1
where m = Zlm,
=

The functions A : 27 X R x R" — R" and b : 27 x R x R — R" are
such that A(-, -, u, ¢), b(-,-, u,¢) are Lebesque measurable for all u € R, ¢ € R", and
A(x,t,-, ), b(x,t,-, ) are continuous for almost all (x, 1) € 27, A = (a1, az, ...a,). We
also assume that the following structure conditions are satisfied:

n
=1 2
ai(x.t.u,6)g = v Y Jul™ g

i=l1
1
2

mizl - mj—1 2 :
ai(x’tvu7§) = wnu| 2 ul™’ Sj 5 l=1,n,
J
j=1

1
2

n
m=1 .
b(x.tou, ) < valul T | ul™ g “
j=1

with some positive constant vy, vs.

The qualitative behavior of solutions to quasilinear elliptic and parabolic equations near
the point singularity was investigated by many authors starting from the seminal papers of
Serrin [1,2] and Aronson and Serrin [3]. Subsequently various extensions of these results
have been obtained by many authors. We refer to the monographs by [4,5] for an account
of these results.

During the last decade there has been growing interest and substantial development in
theory of second-order quasilinear elliptic and parabolic equations with nonstandard growth
conditions.

Some results of [6—11] we mention here.

The basic prototype of such equation is

" [loul|PT? u

Yoo llaol o) =0 ®)
im Bx,- 3xi ax,-

w9 [|ou |’ u

—=> — 5=l =)=0 ©)
at P 0X; 0X; 0X;

9 "9 9

—-y = (ml"“—‘—”) —0. %
at P 0X; 0X;

The examples constructed by Giaquinta [12] and Marcellini [13] show that (5)—(7) may
have unbounded solutions if p; are too far apart. Local boundedness of solutions to Egs. (5)—
(7) has been obtained in [14—16]. The question of removability of isolated singularity for
solutions to anisotropic elliptic Eq. (5) or for Egs. (6), (7) with p; > 2, m; > 1 was studied
in[17,18].

We are interested here in the removability result for the Eq. (7). Note that the important
difference between this work and [17] is the following condition

m;>1,i=1,s, mjy<1,i=s+1,n.
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Removable isolated singularities for solutions of anisotropic...

Let
n 0),\ 2
D(r) = (x,t)eQT:§<W> +rik51 , ®)
where
k=n(m—1)+2, k,:w. ©)
We formulate the removability result in the form of behavior of the function
M(r) =esssup{| u(x,t) |: (x,1) € D(Rp) \ D(r)}, (10)

where Ry is some sufficiently small fixed positive number such that D(Rg) C £27. It follows
from [16] that M (r) is finite number for any r > 0.
n
We will write V,,, (£27) for the class of functions ¢ € C(0, T, Lo(£2)) with 3_ [ |¢|™i~!
i=1Qr

9
BX,‘

main results, let us remind the reader the definition of a weak solution to (1), (2). We say
that u is a weak solution to the problems (1), (2) if for an arbitrary function ¥ € C*°(£27),
vanishing in a neighborhood of {(x¢, 0)}, we have an inclusion uyr € V,,(£27) and the
integral identity

/(u<p1,[f)(~,r)dx —//u%dxdt
2 0 2

n T T
b a a
+ Z/fai (x,t,u,%) (;;p)dxdt—//b<x,t,u,%)mﬁdxdtzo
Q 0 R

=1
(11

2 0
dxdt < ocoand V,,(27) = {¢ € Vi (27) : ¢l(0,7)xs52 = 0}. Before formulating the

o
holds for every ¢ € V,,(£27) and for all T € (0, T).

Theorem 1 Assume that conditions (3), (4) are fulfilled. Let u be a weak solution of the
problem (1), (2). Then the singularity of solution u at the point {(xg, 0)} is removable if

lim M(r)r'"* = 0. 12)
r—0
The proof of the Theorem 1 is based on the following two lemmas.

Lemma 1 Let the conditions of Theorem 1 be fulfilled. Then there exists a positive constants
K1, B depending only on vy, vy, n, my, ..., m,, m, Ry such that the following inequality is
true

M(p) < K1p™"™, 0<p < Ro. (13)

Lemma 2 Let the conditions of Theorem 1 be fulfilled. Then there exists a positive constant
K> depending only on vi, vy, n, my, ..., my, m, Ry such that the following inequality is
valid
Ro
u@x. Ol < Kz, ¥(x.0) € D{ — J. (14)

The rest of the paper contains the proof of the above theorem and lemmas.
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2 The integral estimates of solutions

We suppose that
lim M(r) = oo (15)
r—0

and fixe sufficiently small the number Ry : M (Rp) > 1. Forevery p : 2p < Ry let us use the
following notations: uz,(x, 1) = (u(x,t) — M(20)) 4+, E2p = {(x,1) € DQ2p) : u(x,t) >
MQ2p)}.

We further denote by y constant, depending only on the known parameters vy, v, 1,
mi, ..., my, m, Ry, which may vary from line to line.

Let n, € C*°(£27) be the cutoff function such that 1) 0 < n,(x, 1) < 1in 27, (i) n, =0

in D(r), n, = 1 outside D(2r), (iii)‘% k ‘;%

<yr -, < )/r_k", where k, ki, i = 1, n are
defined by (9).

Lemma 3 Let the conditions of Theorem 1 be fulfilled. Then the following inequality is valid
foreveryr :0 <r <p<Ryp

esssup/ u¥x, n?(x, t)dx+2// ’"”lugpl ’ n2dxdt
O0<t<T — xi
2 - E2/)
<yM°(r), (16)

where 0 € (0, min mi>.

1<i<n
Proof Testing identity (11) by

@, 1) =us,(x, Onr(x, 1), Y(x, 1) =n(x,0).

Applying conditions (4) and Young’s inequality, we obtain:

esssup/ugzl(x t)nr(x t)dx—i—Z// m’_lugpl ‘ nfdxdt
O<t<T Xi
Q
< N KAl I Z u" G 8"’ npdxdt
=Y 2p 3 nr 14
Eap
+)/f/ WGty dxde. (17)
Eyp
Using the definitions of M (r) and n,(x, t), we get:
d
//ug:;l anr n,dxdt—i—yZ// =l % nydxdr
1

Ezp

< yM°(r) <M(,),—k + ZM’”" (r)r‘”") D@\ D) <yM’(r)  (18)

i=1
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Removable isolated singularities for solutions of anisotropic...

Itis easy to see that the last term on the right-hand side of (17) can be estimated as follows:
n | —nm
// WS dxde < y MO (r) // (Z x| %+ ti> dedt < yM%(r)  (19)
Ery s, V=l

Combining estimates (17)—(19), we derive the required estimate (16). O

Introduce the following notations:

Pp2p(u(x, 1)) = min{uz,, M(p) — M(2p)},
E(p,2p) = {(x,1) € 27 : 0 < uzp(x,1) < M(p) — M(2p)},

e(r) = M(r)r" + r2(M)r™)™ + Y (M(r)r")™.
i=1

Lemma 4 Let the conditions of Theorem 1 be fulfilled. Then the following estimate is true

ou ‘2 2
—| nrdxdt

n
ess sup / @ o, (e, DN} (x, dx + ) / / umt
l

O<r<T i—1
T E(p,2p)
1
2\ 2
2
) nydxdt

= v(M(p) —M(zp))X:f/u"’T‘1 (umm
i=1 E,

+ye(r)(M(p) — M(2p)) +y (M(p) — M(2p))' ™1, (20)

u
ax;
where 81 € (0, %),0<r < p <R.

Proof Testing (11) by

(p(x! l) = (pp,2p(u(xs t))’]r(xs t)a w(xs l) = nr(x7 l)'

Using structural inequalities (4), we have

n
esssup/cbjzp(u(x,z))nf(x,z)dx+ // 3wt
i=1

O<t<T
2

2
ntdxde

ou
— ax;

Ep.20)

<y - men Y [[ a5 [ um
=lE, j=1

1
2 2

u
3)6]'

2\2
) nfdxdt

n,dxdt. (2D

dnr
3)6,'

nyrdxdt

u
0X;

n
m—1 L
+y2f/ B 2p(u(x, )u" 7 (u’"' !
i=1g)

an
+)/// D2, (u(x, 1) ‘at’
E,
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Applying Holder’s inequality and Lemma 3 to the first term on the right-hand side of
estimate (21), we derive

du |2

n n

Z m;—1 Z 1
// “r uml_ ax;

i=1%g j=1

n%dxdt

dnr
0x;

ox;

IA

2
ou

‘ n2dxdr
3x;

n m;—0 n
7,Z:MT(r)r - Z// ’”J‘lugpl
i=1

y S M7 < e, 22)

i=1

IA

The second term on the right-hand side of (21) can be represented in the following way:

n - 412\ 2
Z/f Dpopulx,H)u umi—l Fv n%dxdt
=1 Xi
1
- m—1 mi—1 au 2\? 2
<D || Poapule puT (W=l ) ntdads
: Xi
i=1 E
p

1
2\ 2
+ Z // Dp2p(x, 1))u ey ( mi—l ) n?dxdr. (23)

1
= Ep,2p)

ox;

Estimating the second integral on the right-hand of (23), we have

1
2\ 2
Z // Dpopulx, MNu"T (m' 1 ; ) n?dxdt

=L E ()
< yZ f f il n%dxdt+y(M(p) — MQ2p))' 70 (24)

i=1
Ep.20)

Xi

Combining estimates (21)—(24), we obtain (20). This completes the proof of the Lemma 4.
[m}

Lemma S Let the conditions of Theorem 1 be fulfilled. Then the following estimate

Z//u;;’

< y(M(p) — M@2p)* D +y(M(p) — M(2p)) "e(r) 25)
holds with1 < g < 1 +m1n[n 2]

n%dxdt

Xi

Proof Testing identity (11) by

¢ = (IM(p) = M2p)I'"7 — [max(uzp, M(p) = MQRoNI'") nry ¥ =1y

@ Springer



Removable isolated singularities for solutions of anisotropic...

Using conditions (4) and Young’s inequality, we obtain
n n 2
_ ou
» > Sup it | pidxdr
' // . u2p u Bx,- ‘ Ny
i=1 E, i=1

" m;—1 an n i
< v = o' 3 [ T 32w a-‘
=l'E, R Y
1
. m—1 n au 2 2
s e o5 ] (022
i=1 E, j=1 Xj
2(1—q) any
+v (M(p) = M(2p)) M |, | ddr.
E,

1

n

Estimating the terms on the right-hand side of (26), we obtain
>

n
m;—1

2 [[u

4 ij

i=1 E, j=1

n
- Z/f i1, 16
=%

n 2
) n L
x Z// w1y o1 '%' nfdxdt < erH ()/Me(r))2 <vyer)
j=1 !
P

an

dxdr <
ox; Ny <

Bl

2
ndxde | x
-

dnr
i

1

2

2
n?dxdt

du
3)6]'

ORI 3 | Kasl D3
i=1 % j=1

u |? 2
—| 7nydxdz.
axj'

n
< (M(p) — M(2p))> =D p>rt=0) 4 3 / / Wiy
/:1 Ep

Combining estimates (26)—(28), we derive required inequality (25).

Combining Lemmas 4 and 5, we obtain:

nrdxdt

(26)

27)

(28)

Lemma 6 Let the conditions of Theorem 1 be fulfilled. Then the following estimate is true

n 2
esssup/@% 2, (U(x, t))nf(x,t)dx + Z // umi! 8—u‘ nfdxdt
0<t<T ’ im1 0x;
2 E(p,2p)
< ye(r)(M(p) — M(2p)) + ye(r)(M(p) — M(2p))>~1
+y(M(p) — M2p)' ™ + ¥ (M(p) — M(2p)' >,

where 0 < 81,8, < 1.

(29)
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Proof By the Young’s inequality, we have

" m—1 87’] 2 %
Zf/uT um T = nfdxdt
. 0x;
i=1 E,
_ _1|97m _
< yZ//uzj m;i =1 7 dxdz—H///uzp "n2dxdt. (30)
i=1

P

We estimate the last integral on the right-hand side of (30) similarly to (19)

/f ugpumflnfdxdt < yptri=o, (31)

Combining inequalities (20), (25), (30), (31), we obtain estimate (29). O

Taking into account condition (12), we can pass to the limit as » — 0 in (29) and obtain
the following statement.

Remark 1 Let the conditions of Theorem 1 be fulfilled. Then the following estimate is valid

n n 2
1| du
esssup/(Df),zp(u(x,t))dx—i- E // E umi—! .
i=lg * i=l !
p.2p

O<t<T
2

dxdt

< y(M(p) — MQ2p)' ™ + y(M(p) — M(2p))' %, (32)

where &1, 87 € (0, 1).

3 The pointwise estimate of solutions

Let (¥,7) be an arbitrary pointin D(Rp)\ D(p).Forany p : 0 < r < p < R and any positive
h we define the sequences of numbers p; := (1 + 27, hj:=h(1—-27 h, j=1,n
and the families of sets:

n -~ 2 7
Q(pj) — (x’t):z<|xt ki-xt|) +|t kt| <1 )
i=1 Pj Li
Aj = {(x,t) € Q(pj) 1 uzp > h/}

We denote by ¢; € C&° (Q (%)) such that: (i) £;(x.7) = 1 outside Q(p;),
9
3)(,'

’ < ijkp’k, < y2-/kip’kf,i =1,n.

Sj
Testmg identity (1 1) by

0 = (u2p — hj)+ 4, ¥ ={¢j.

@ Springer



Removable isolated singularities for solutions of anisotropic...

From conditions (4) , Young’s inequality and properties of the cutoff functions ¢;, we
obtain

n 2
ad
ess sup / (uzp—hj)i{jzdx—i-z-/./ ymi—l | 2% ;}dxdt
0<1<T . im1 " a i
m,—l é‘/
< yZ (u2p — h )2 ¢ dxdr
i= lA

a .
? s C,/dxdt+y// W g, — hj)iidxdr. (33)
A.

+V/f(u2p
Aj

Using the definition of M (,o), we have

Z/f mi=1 — hj)2 ¢ deds
2jki —2ki yemi+1 (P 4. v ,=nm+D=2 | 4 .
< ngj p it (£)[4,] = y277 p7n D72 4 (34)
//(uzp % | 2L yaxar < y27p (5) 144l
J
(35)
f/ WMy = hpieiasar < y M (D) Aj] < o0 AL GO)

Combining inequalities (34)—(36), we derive the following additional integral estimate

ess sup f (uzp — hj )+§szx+2// mi—1 2dxdz
0<t<T i=1 %" Xi
J
< )/2”/,0 n(m+1)—2 ‘Aj‘~ 37

Let ip be the number such that m; < 1, i = 0,ip and m; > 1, i = ip + 1, n. Taking into
accountthatu < M (%), u > M(2p)+h;onAj, we obtain the following lemma from (37).

Lemma 7 Let the conditions of Theorem 1 be fulfilled. Then the following estimate is true

io 2
ad

ess sup / (t2p —h; )+§2dx+M’°(m —‘> 3)2// ¢Fdxdt

O<t<T 2 i1 el i
A1) =17

_I_hg_n*io)( dxdt < )/2(‘/+1)yp—n(m+1)—2 |Aj| . (38)
i= l0+1
’ 1 lO " 1 n
where m = o Zm, mo= Z m;.

i=0 i=ip+1
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Now we are ready to prove Theorem 1. Applying Holder’s inequality, Lemma 9 from the
appendix withe; =0, i =1, ..., n, we derive:

//(uzp — hjy)idxds
j+l
1452

i(m,—]) (n— 10)(m —])
< yp D ()0 “(1erk) //(uzp — hj)dx dr

Choosing 4 from the condition

2
2+n

’
ign(m —1) _ (a—ig)(m_—1) 10)("’1 *1)
p—n(m+1)—2+Wh n+2 2 1+2+11 szdxdt < 1
(0)

and using Lemma 8, we derive

0 Ln—ig)m" =) +n+4
(v(3) - wen)

n+2 in(m/fl)
< pp MFDFDIEHLEL ke /ugpdx. (39)
0<t<T
Q(p)

From (39) by Remark 1, we obtain

M (g) —MQ2p) <yp TP, (40)

where
né

B = — >0, § =min{s;, 8).
T —ig)m" —1)+n+4

Iterating inequality (40), we derive estimate (13). This proves Lemma 1.

4 Proof of Lemma 2

For j = 0.1,2... set p; = Bo(1+27), 5, = (o +pj41). hj =
h(1—=277), Ap,p; = {(x.1) € Q(pj) :u* > h;j}, where h is a positive number
depending on the known parameters only, which will be specified later, and 0 < A <

1-2
min{llélilélnmi, % %} with g from (13). Let §; € C3°(D(p;)), 0 < & < 1,

& = Lin D(pjy) and | 52| = 277 RGF, |G| < y2iRGM. i = T, where k. k; are
defined in (9).
Test (11) by

o= —hju), &, ¥ =n,

@ Springer



Removable isolated singularities for solutions of anisotropic...

where 1, was defined in Sect. 2. Using conditions (4) and the Young inequality, we obtain

141
ess sup / (u* — hjv1)} Ejznfdx

O<t<T
Anj ;0
5
ymith=2 3“ 2
+Z S dxdtfyZJi, (41)
j+] /)] i=l
where
n an
J = mith | I g2y dxdr,
1 Z; // ! ox; &
T A7
5= ot |02 s
2 = u a9t jnraxdr,
Ahj17)
n dE; 2
J3 = mith | 2] 2dxdt,
} Zl: // ! ox; 5171y
= A"j+1~ﬁ,
8 .
Jy = // u)""]nféj i dxdt,
ot
hjy1.P]
// m+}\$2n2dxdt
J+| Pj

Condition (13) imply that

Jp < yrzniﬁ+k(ﬁ—n)+n

Jo < yrPOED=B

I 2 42
J3+ Jy < y2I7 RGN ‘Ah.iﬂﬁj : @
Js < 27 Ry ‘Ahm,ﬁj :
Combining (41), (42), and passing to the limit as » — 0, we obtain
ess sup / (u* — h}+1) 5 dx
O<t<T
Ah/+1ﬁ/(’)
+ Z Jf T VYO B
/+| Pj
From this, setting ¢ = m“ + %% a = 2(m + 1) max (1%\ W) , using the
Holder inequality and Lemma 10 from the Appendix with «; = m’; A ,i=1,n,we
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obtain
m
Y]+1_ // u* —h]+1 P dedr < // (u* — h,+1)A £¢dxdr
Ahji17j41 Anj17;
m4A
rq
~ arq 1— m+h
)» g
< // ]+1 Sm+ dxdr ‘Ahﬁrl’ﬁj
Ahj+l P
2m+A
nAq
A B2
. x
<y| sup / (" —hjy1),) &jdx
0<t<T
Anjy15; @0
m4A
q
- . ar )12
x Z //( his), ) ‘{(u —hj+1>+f;"“} dxds
hjy1.P)
— v R <n(m+x)+2>'"ﬂ(1+%) 142 mik
X ’Ahﬁlvﬁj =2 hjy1.p;
ome(p2ma =)+ B (142) e 2mp
142 miA
< yoir (4057 ) g ()i (44)

Due to Lemma 8 from the Appendix, this inequality implies that Y; — O as j — oo if &
m+i n A
satisfies the condition A * (1+2 '"“) = y Yy, which implies

R Wl+)\4+%‘7
0
esssup{lul (x,t) e D (7>}

< yR(j‘"(’”“)”)(”f)// " dxdr. (45)

D(Ro)

By our choice of A, the integral on the right-hand side of (45) is finite. This completes the
proof of Lemma 2.

5 Proof of Theorem 1

Let K be a compact subset in £2 and n € C§°(£27) such that n = 1 for (x,1) € K x (0, T).
Testing (11) by ¢ = nn,, ¥ = n,, using (4), the Young inequality, the boundedness of u and
passing to the limit r — 0 we get

2
_ ‘ dxdr < a. (46)

t
n
) d
esssup/uz(x,t)dx—l—Z/f|u|m’_1 a
0<t<T im1 0x;
K =lo k

o
Testing (11) by ¢n, where ¢ is an arbitrary function which belongs to V,,, (£27), using estimate
(46), and the boundedness of solution, and passing to the limit » — 0 we obtain the integral

o
identity (11) with an arbitrary ¢ € V,,(§27) and = 1. Thus Theorem 1 is proved.
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6 Appendix
Lemma 8 [19] Let {Y;}, j = 0,1... be a sequence of positive numbers, satisfying the
recursive inequalities

Yiq = CHIY[He, (47)

where C,b > 1 and o > 0 are given numbers. If

1

| R
Yo<C ab 2, (48)
then Y; converges to zero as j — oo.

Lemma 9 [20] Let 2 C Ry, n > 3 be a bounded domain. Let v be an arbitrary function
from the Sobolev space Wol’l such that

[[or

2 Eg

1
dx < 00,

n
where p; > 1, 1+ & >O,i:1,...,n,zi_> 1. Then

= i
np ( 1 & ozk)
VELy(R),qe=——(1+-) — (49)
n—p n = p
n
where % = % Z and there exists a positive constant K depending only on n, «;, pi,i =
1,...,n, suci; thefollowmg inequality is valid

1

dx pin(H"lél %> (50)

1V Ly @)= KH (ﬁf [ | —

Lemma 10 [16] Let 2 C R,,n > 3 be a bounded domain, 27 = 2 x (0,T),T > 0.
Let v be an arbitrary function from the Sobolev space W(}’l for every fixed 0 <t < T, and
satisfying the following condition

esssup [ v2(x, Hdx + Z Jf e |2 " dxdr < oo
0<t<T 2 i=127
n
where p; > 1, pi+a; >0,i =1,...,n, Y, pi > 1. Then
i=1""
i P o
veLi@.G=p+ (et % 1)
n =1 Pk
Moreover, there exists a positive constant K depending only onn, a;, pi,i =1,...,n, and
0 € (0, 1), such that
1
. el " _ pi
1 g = Resssupvl g, - [ [[ we |22 awar | o2
0<t<T ’ i=1\ 5 Xi
T
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where the constant ¢ is defined from the following equality

1 6 1-6 _ p

—=—+ . §—e—<q=q" (33)
q 4« e n
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